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1. INTRODUCTION 
In this note we describe the computation of steady cellular flames for the problem of a flame stabil- 
ized by a point source of fuel in two dimensions. We consider the diffusional thermal model of 
combustion. which consists of a reaction, diffusion, convection system for temperature and concentm- 
tion. In this problem, the convective term models a given fluid velocity field, corresponding to a point 
source of strength 2mc. 
‘Ihis problem was studied analytically [l] in the limit of large activation energy N and Lewis number 
L. measuring the ratio of thermal conductivity to reactant diffusivity, close to one. That analysis 
showed that there exists a basic solution consisting of a circular flame front of radius R = K, with 
angle-independent temperature and concentration profiles. It was further shown that this solution was 
stable for L exceeding a critical value Lc < 1. For L c L,, the basic solution was stable (unstable) ac- 
cording as R was less (greater) than a critical value R, . Finally, for L < L, and R slightly above R,, 
the evolution of an angular perturbation to a steady solution in the form of a sinusoidally cellular pat- 
tern was described. 
The analysis in [l] is a bifurcation analysis with R as the bifurcation parameter. It is valid only lo- 
cally, in the immediate neighborhood of the bifurcation point. It is sometimes referred to as a weakly 
nonlinear theory. In order to determine the more global behavior of solutions along bifurcation 
branches, i.e., more into the fully nonlinear regime, it is necessary to compute the solutions numerical- 
ly. These computations build on and extend the weakly nonlinear analytical results. In this note we 
employ L as the bifurcation parameter and penetrate more deeply into the nonlinear regime by lowering 
L. In the remainder of this note, we describe the model, our numerical method, and our results. 
2. MODEL AND NUMERICAL METHOD 
We consider the nondimensional reaction, diffusion, convection system for the reduced temperature 
8= s and reactant concentration C, where T,, and Tb represent the temperature in the unburned 
fresh k&e at the source and the burned temperature at infinity, respectively. In polar coordinates r
and $ the equations are 
exp(N (l-0)(0-1)/(0+(1-c@) 
q exp(N(l-o)(8_1)/(o+(1+#3) 
Here d = Tu/Tb, A is the Laplacian, and the terms on the right side of (1). respectively represent 
diffusion, convection, and a global one-step Arrhenius reaction. The boundary conditions are given by 
e=o.c=1 for T = 0 ; e+i. c-b0 for r -3 00. (2) 
The analysis in [l] is valid in the regime N(l-o)+, with la small. For large activation energies, 
the Arrhenius reaction term is negligible except in a thin 0 (l/(N (l-u))) region (the reaction zone) 
around the front at R = K. In the limit of N (l-o)+, the reaction zone collapses to the front, with the 
derivatives of 8 and C experiencing discontinuities there. In our computations, we employ a finite 
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value of N, so that there no longer exists a sharp front, though the behavior of the solution changes 
rapidly in the vicinity of the analytically predicted front. To limit the size of the computational 
domain, we impose the boundary conditions at fixed points rt, rz with 0 < rl < R c r2. In practice rl 
and rz are sufficiently far from the reaction zone that the artificial boundaries have very little effect. 
The numerical method uses an adaptive Chebyshev pseudo-spectral method in r and a Fourier 
pseudo-spectral method in $. Our adaptive pseudo-spectral method is described in detail in [2]. Very 
briefly, the interval in r is mapped into the interval [-l,l]. In this new coordinate (say s) the solution 
is expanded as a sum of Chebyshev polynomials and as a sum of trigonometric polynomials in 4, 
e(S ,$) = ‘f Ujl Tj (S)d” (3) 
j=o,I=-M 
with a similar expansion for C. The coefficients Ujl are obtained from collocating at the points 
s/ = coso’rr/J) , $, = (2%/)/M [31. 
In order to resolve the reaction zone, a dynamically varying family of coordinate transformations i
introduced in the radial (i.e., s) direction [2]. Writing s’ = q (s .a), we choose the parameter a so that 
the spectral interpolation error is reduced. Following [2], the new coordinate system is chosen so that a 
weighted second Sobolev norm of the solution is minimized. New functionals that more accurately 
track the spectral interpolation error, as well as an angular dependent family of radial transformations, 
have been developed but have not yet been implemented for this problem. 
The steady-state solutions are computed by solving the time-dependent system (1) until a steady state 
is achieved. The cellular solution, near the bifurcation point, was obtained from initial data containing 
many angular modes. A very long transient was experienced as the unstable mode (4cell) developed, 
and the other modes decayed. This is consistent with the analytical results in [I]. In contrast, away 
from the bifurcation point the convergence is quite rapid. 
Two different time-differencing schemes have been used. These were a second-order semi-implicit 
scheme based on the Crank-Nicolson scheme as described in [2] and a backward Euler scheme with 
approximate factorization based on dimensional splitting [4]. In this scheme, for the model equation 
U, = U, + U+dr2 + R(u), 
we use 
(U”+‘-U”)IAt = UL+’ + Ui$’ lr2 + R (u”) 
or if Un+’ -U” =6andD,, D, stand for the second-derivative operators, we have 
[I-AtD,-AtD&2]6 = U~+U&llr2+R(U”). (5) 
The matrix on the left-hand side of (5) is approximately factored as 
(6) 
In practice (6) permits a larger time step than the Crank-Nicolson scheme and has the advantage that 
at steady state @=O), the steady-state discrete equations are identically satisfied. This scheme is only 
first-order accurate in time; and since we are interested only in stable solutions, the computed steady 
states are integrated for a short time with the second-order scheme for different points on the bifurca- 
tion curve, to make sure that they are temporally stable. At present, the reaction terms are treated 
explicitly. 
The computations were done on the Magnetic Fusion Energy CRAY X-MP computer at Lawrence 
Livermore National Laboratory. Throughout the computations we employ the values 
K = 11.7, N = 20, and u = .615, while the parameter L is varied. 
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3. RESULTS 
In Figure 1, we show plots of reduced temperature 8 and concentration C as functions of the angle $. 
for various values of L , each at a fixed distance r . For L = 0.5 we are below the bifurcation point, and 
the plot shows that 6 and C are independent of 4. As L is decreased to 0.495, we are slightly above 
the bifurcation point, and the plot shows that 8 and C are approximately sinusoidally periodic, as a 
small amplitude 4cell emerges. As L is decreased further to 0.48 and then to 0.44, the plots show the 
development of the sinusoidal 4-&l into 4-cells exhibiting peaks and troughs. The temperature at the 
troughs is higher than at the peaks, as is the case in experimentally observed cellular flames. In each 
case, the value of r was chosen to be near the reaction zone. 
In Figure 2 we exhibit plots of the reduced temperature surface for values of L both below (L = 0.55) 
and above (L = 0.44) the bifurcation point. The former shows no angular dependence, while the latter 
exhibits the 4-c& described above. 
Finally, in Figure 3, we exhibit plots of 8 and C for various values of r. For r = 5.21 we are in the 
unburned region, and the plot shows C essentially equal to one and 6 essentially equal to zero. The 
plot for r = 9.79 corresponds to an approach to the reaction zone in which 8 increases and C 
decreases. At r = 10.93 the reaction zone is reached, and C is essentially depleted while 8 exhibits 
the characteristic peaks and troughs. Finally, for r = 27.33 we have penetrated eeply into the burned 
region, as 8 is essentially one while C is essentially zero. 
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